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Abstract

This paper deals with the numerical computation of the least singular value of a
rectangular matrix A relative to a pair of closed convex cones (P, Q), which is defined
as the optimal value of the non-convex optimization problem of minimizing (u, Av)
such that u and v are unit vectors in P and Q, respectively. When A is the identity
matrix, the least singular value coincides with the cosine of the largest angle between
P and Q. When P and Q are positive orthants, the least singular value is called the
least Pareto singular value of A and has applications, for instance, in graph theory.
We prove the NP-hardness of all the above problems, while identifying cases when
such problems can be solved in polynomial time. We then propose four algorithms.
Two are exact algorithms, meaning that they are guaranteed to compute a globally
optimal solution; one uses an exact non-convex quadratic programming solver, and
the other a brute-force active-set method. The other two are heuristics, meaning that
they rapidly compute locally optimal solutions; one uses an alternating projection
algorithm with extrapolation, and the other a sequential partial linearization approach
based on fractional programming. We illustrate the use of these algorithms on several
examples.
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1 Introduction

Singular values of matrices are ubiquitous in applied linear algebra, and they are at
the core of essential tools in data analysis such as least-square techniques, principal
component analysis, and principal angles of subspaces. For A € R™*", its singular
values are obtained by computing the critical (stationary) pairs of the problem of
minimizing (u, Av) subjecttou € S,, and v € S, where S; denotes the unit sphere
in R?. Recently, in the series of papers [17—19], Seeger and Sossa have considered the
study of such optimization problems but with the extra condition that ¥ and v range on
the closed convex cones P € R™ and Q C R”, respectively. That is, they investigated
the critical values of the least cone-constrained singular value problem:

SV(A, P, Q): min(u, Av) st. ue PNS,, ve ONS,. @))
u,v

The critical values of SV(A, P, Q) are obtained from the KKT optimality conditions
to (1). More precisely, a real number o is a critical value of SV(A, P, Q) if there
exists (u, v) € S, x S, such that

P5ul (Av—ou)e P* and Q>5v L (ATu—ov) e QF,

where | denotes orthogonality, and P* denotes the dual cone of P. The critical values
of SV(A, P, Q) give us the singular values of A relative to (P, Q) which we will
refer to as the (P, Q)-singular values of A, and the corresponding pairs (u, v) will be
referred to as critical pairs of SV(A, P, Q). We say that (u, v) is a solution pair of
(1) if it solves (1). Observe that when P = R™ and Q = R”, the critical values of (1)
correspond to the (classical) singular values of A.

Seeger and Sossa [17-19] focused on the study of SV(A, P, Q) mainly from a the-
oretical point of view. For instance, they studied stability and cardinality issues of the
(P, Q)-singular value spectrum of A. They proved that the cardinality of this spectrum
is finite whenever P and Q are polyhedral cones. They also showed that SV(A, P, Q)
covers many interesting optimization problems, including maximal angle between
two cones [10, 13—16], cone-constrained principal component analysis [3, 12], and
nonnegative rank-one matrix factorization [5].

When A is the identity matrix, A = I € R, SV(I, P, Q) becomes the problem
of computing the maximal angle between two cones:

MA(P, Q) : min{u,v) st. ue PNS,,ve 0NS,. 2)
u,v
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The optimal value of MA (P, Q) is the cosine of the maximal angle between P and Q.
The arccosine of the critical values of MA (P, Q) are called the critical angles between
P and Q. The theory of critical angles is discussed in [10, 15, 16], some numerical
methods are presented in [13, 14], and an application to an image set classification
problem is given in [22].

Another interesting case is when P and Q are the nonnegative orthants; that is,
P =% and Q = R'}.. In this case, the (R}, R} )-singular values of A are called the
Pareto singular values of A, and SV(A, R, R’}r) becomes the least Pareto singular
value problem:

PSV(A) : min(u, Av) st u € R"NS,, veRLNS,. 3)
u,v

Pareto singular values have applications in spectral graph theory. For instance, in
[20], Pareto singular values of Boolean matrices were studied for analyzing structural
properties of bipartite graphs.

To the best of our knowledge, there are only a few works about the numerical
resolution of SV(A, P, Q). For example, for PSV(A), it is possible to find all the
Pareto singular values of A by brute force computation. Unfortunately, this is only
possible when m and n are small numbers, see [19]. Recently, an efficient numerical
method was proposed for the maximal angle problem MA (P, Q) [13] by reformulating
MA(P, Q) as a fractional program.

Contribution and outline of the paper In this work, we study the numerical com-
putation of the cone-constrained singular value problem. We first prove, in Section 2,
that SV(A, P, Q), MA(P, Q) and PSV(A) are NP-hard problems. In Section 3, we
identify several cases when these problems can be solved in polynomial time, under
appropriate conditions on the input, A, P and Q. In Section 4, we first explain how to
check whether a given problem can be solved in polynomial time using the results from
Section 3, then we propose four algorithms. Two are exact algorithms presented in
Section 4.2, meaning that they are guaranteed to compute a globally optimal solution;
one uses a brute-force active-set method (Section 4.2.1), and the other an exact non-
convex quadratic programming solver (Section 4.2.2). The other two are heuristics
presented in Section 4.3, meaning that they rapidly compute locally optimal solu-
tions; one uses an alternating projection algorithm with extrapolation (Section 4.3.1),
and the other a sequential partial linearization approach based on fractional program-
ming (Section 4.3.2). We illustrate the use of these algorithms on several examples in
Section 5.

Notation In R?, we denote (-, -) the standard inner product and || - || its induced norm
(Euclidean norm). Let Sy := {x € R? : ||lx|| = 1}, and denote R”*" the spaceof m xn
real matrices. For a matrix M, M > 0 means that M is component-wise nonnegative.

Given a cone P C R" and a matrix M € R then M P is the cone in R? defined
as MP := {Mx | x € P}. Unless specified otherwise, in this paper, we work with
polyhedral cones, P and Q, which are convex, closed and finitely generated. Hence,
without loss of generality (w.l.0.g.), we assume that

P=GRY ={Gx|x>0} and Q=HR, ={Hy|y=>0}, 4)
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where G = [g1,...,8pl and H = [hy, ..., hy] are matrices whose columns are
conically independent vectors, that is, a minimal set of conic generators. W.l.o.g., we
assume the columns of G and H are unit vectors, that is, ||g;|| = 1 for all i and
|2l = 1 forall j. The faces of P are the polyhedral cones F € P such that

vi+wveF, v,neP — v,nekF.

In particular, any face is generated by some subset of the columns of G. The dimension
of a face is equal to the dimension of the subspace generated by its generators.

The dual of a cone P is defined as P* = {x |(x,y) > 0, Vy € P}. A ray of
P is any nonzero vector of a 1-dimensional face of P, or equivalently any positive
multiple of a column of G. A face is called proper if it is not equal to {0} or to the
whole cone P. The facets of the cone P are the proper faces of maximal dimension.
Given a vector v, we denote as Ry v the cone of the nonnegative multiples of v, that
is, Ryv := {av | @ > 0}.

For a positive integer number n, we denote [n] = {1, 2, ..., n}. Moreover, given
a subset Z C [n] and a vector x € R”", we denote as x7 € RIZ! the restricted vector
to the indices contained in Z, that is, if Z = {iy, i2, ..., iz} and the i-th entry of x
is x;, then x7 =[x, Xi5, - . ., x,-m]T. Analogously, if M € R™*" is a matrix with n
columns, then M. 1 € R™*IZl is a shortcut for the matrix restricted to the columns
with indices in Z. We denote by Z¢ the set of indices of [n] that are not in Z.

We denote as p(C) the spectral radius of a square matrix C. In R"*"  the norm
|l - || F denotes the Frobenius norm, that is, |A||f = /trace(AT A), and || - || denotes
the spectral norm, that is, [|A|| = max ;=1 [|Az| (largest singular value of A). The
matrix I, is the identity of dimension n, and we will simply use / when the dimension
is clear from the context. Finally, 1 is the all-ones vector and e; is the i-th unit vector,
both of the appropriate dimension that will be clear from the context.

2 Computational Complexity

In this section, we discuss the computational complexity of the various problems
introduced in the previous section, namely SV(A, P, Q), MA(P, Q) and PSV(A)
when P, Q are generated by matrices G, H. To the best of our knowledge, this ques-
tion has not been addressed previously in the literature. We prove NP-hardness of
PSV(A) (Theorem 2), which implies NP-hardness of SV(A, P, Q) since PSV(A) =
SV(A, R, R}). Interestingly, we prove that any problem SV(A, P, Q) can be
reduced in polynomial time to a problem MA(P, Q) (Theorem 3 and Lemma 2),
which in turn implies the NP-hardness of MA(P, Q) (Corollary 2).

Remark 1 (Hardness results) In this paper, we focus on the NP-hardness of the studied
optimization problems, namely SV(A, P, Q), MA(P, Q) and PSV(A). For simplicity
of the presentation, we do not consider approximate versions nor decision versions of
these problems, nor do we check whether the optimal solutions of these problems are
polynomial in the size of the input. This is a topic for further research.
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2.1 Least Pareto Singular Value is NP-hard

In general, the problem SV (A, P, Q) is difficult to solve since it is nonconvex. Indeed,
we prove in this section that PSV(A) = SV(A, RY, R} ) is NP-hard. To do so, we
rely on the following result.

Theorem 1 [5, Corollary 1] Given M € R™*", it is NP-hard to solve

min _ |M —uv' |3 suchthat u >0, v=>0. 5)
ueRm veR?

The proof of Theorem 1 relies on the maximum edge biclique problem (MEBP) in a
bipartite graph: Given a binary biadjacency matrix B € {0, 1}"*" where B(i, j) = 1
if node i and j are connected (one on each side of the bipartite graph), the goal is to
find binary vectors u and v such that u " Bv is maximized while u; v; < B(i, j) forall
i, j. The vectors (u, v) indicate the position of the largest bipartite subgraph where
all nodes are connected (which is called a biclique). The proof of Theorem 1 shows
that the MEBP can be reduced to (5) with M (i, j) = B(i, j) — (1 — B(i, j))d for all
(i, j) and any d > max(m, n). The matrix M replaces the zero entries of B by —d’s
in order to enforce these entries to be approximated by zeros in the optimal solutions
of (5).

Note that, when M > 0, the problem can be solved in polynomial time by the
Perron-Frobenius and Eckart-Young theorems. Hence, allowing negative entries in M
is crucial for the NP-hardness.

Theorem 2 Computing the least Pareto singular values is NP-hard, that is, PSV(A)
is NP-hard.

Proof Let M be a m x n matrix with at least one positive entry. The result [19, Theo-
rem 3] shows that solving (5) is equivalent to solving PSV(—M), thus both problems
are NP-hard. O

AsPSV(A)isaparticularinstance of SV(A, P, Q), we have the following corollary.

Corollary 1 Computing the least cone-constrained singular value, that is, SV(A, P,
Q), is NP-hard.

2.2 Maximum Conic Angle is NP-hard

The problem MA(P, Q) of finding the maximal angle between the cones, P and
0, formulated in (2), is also a nonconvex problem. Although being a particular case
of SV(A, P, Q), with A = [, it can be proved that any algorithm computing the
maximal angle between cones can also solve the more general problem SV(A, P, Q)
for any matrix A € R"*",

Lemma 1 Anymatrix A € R™*" of spectral norm I andm > n can be decomposed as
A =U"V where U € R"F)XM qnd v e ROFXN qre matrices with orthonormal
columns, and s is the rank of AT A — I.
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Proof Since I, — AT A has rank s and is positive semidefinite, it admits a Cholesky
decomposition I, — ATA = LLT with L € R, Define U € R™+9)*™ apd

V e RM+)Xn 35 J = (%”), V= (LAT) ,sothat V'V =ATA4+LLT = I,, that

is, all columns of V' are orthogonal to each other, have unit norm, and A = U Tv. o

With the last result, we can now prove the equivalence between the computation of
the least (P, Q)-singular values and the maximal angle between two cones.

Theorem 3 Let A € R™*" be nonzero, m > n, and ||A||"'A = UV be the decom-
position given in Lemma 1. Then,

(u*, v*) solves SV(A, P, Q) if and only if (Uu*, Vv*) solves MA(IS, é) where
P:=UPand Q :=VO.

Proof Since U and V have orthonormal columns, SV(A, P, Q) can be transformed
as follows:

A= min (u, Av) = ||A| min (Uu,Vv)=||A| min {(x,y) =: §%,
uePNSy, uePNSy, xeliﬂsm+s.
ve QNS ve QNS vy € QN Smts

where P = UP and é = V Q are closed convex cones in R”™5 that are isomet-
rically equivalent to P, Q. Now, suppose that (u*, v*) solves SV(A, P, Q). Then
A = (u*, Av*) = ||A|(Uu*, Vv*) > §* = A*, where the second equality holds
because ||A||'A = UTV, and the inequality holds because (Uu*, Vv*) is feasible
for MA(ﬁ, é). Hence, (Uu*, Vv*) solves MA(ﬁ, é). The converse is analogous. O

Remark2 (Further connection between SV(A, P, Q) and MA(P, 0)) The proof
of the above theorem also draws the following connection between problems
SV(A, P, Q) and MA(P, 0): (u, v) is a critical pair of SV(A, P, Q) if and only
if (Uu, V) is a critical pair between P and Q. Furthermore, o is a (P, Q)-singular
value of A if and only if arccos(o) is a critical angle between P and Q.

In order to prove that SV(A, P, Q) reduces in polynomial time to MA(1S , Q) for
opportune P and Q with dimensions and generators that can be expressed polynomially
in the dimensions and generators of A, P and Q, we need a different decomposition
A = cU TV that preserves the rationality of the matrices when A € Q”*". Notice
that the argument of Theorem 3 does not produce a polynomial reduction since || A||
might be irrational and the matrices U, V might have irrational entries.

Lemma2 Any matrix A € Q™" with m > n can be decomposed as A = cUTvV
where U € QUtGQF0xm gng v e QurGQ+Dxn gre matrices with orthonormal
columns, and ¢ € Q. The parameter t, all the entries of U, V, and the computational
time of the decomposition are all polynomial in m, n and in the largest number of bits
used to represent an entry in A.

Proof Let a be the largest number of bits used to represent an entry in A, and call
ai, ..., a, the columns of A. Let B € Q(2)X” be a matrix with (g) rows, one for each
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pair (a;, a;) of columns of A withi < j, and suppose that such row is zero apart from
the i-th entry equal to 1 and the j-th entry equal to —({a;, a;). Notice that each entry
—{a;, aj) can be expressed with O(a + m) bits and it can be computed in O(ma?)
time.

If now we call Q := (2), we find that its columns ¢; are pairwise orthogonal. Let

d be the product of the denominators of the fractions ||g; > € Q. The matrix d Q has
orthogonal columns, whose norm squared are now p; := d?||lgi|* € N.Let £ € N
be the least integer such that p; < 22 for every i, and call n; := 02— pi € N. Each
llgi|I> can be computed in O(ma* + n(@+ m)?) = O(m(@ + m)?) time and can be
expressed with O(a + m 4+ n) = O(a + m) bits, and the same can be said for d, p;, £
and n;.

Write each n; as a sum of #; perfect squares by following the standard greedy
approach: find the greatest integer n; | for which n; = n,-,lz + m;, with m; > 0 and
repeat on m; until it reaches zero. Since for n; > 9 one has m; < n;/2, there are
ti = O(log(n;)) = O(a + m) perfect squares n; 1, ..., n; ; in the decomposition and
it is possible to compute them all in (’)(log(nl-)3) time. Notice that n; ; < n;, so they
are also representable with O(a + m) bits.

Let now N € Q" be a matrix with r = ), #; rows, where for each index i we

have the rows n,-,1eiT, ... ,n,-,tl.eiT. Define U € Q(”"*‘(;)‘H)X’” and V ¢ Q(’”Jf(g)*")xn
I dA

asU = ( (')" ), V= % dB |. By construction, we have that U, V have orthonormal
N

columns and gUTV = A.

Eventually, notice that the parameter ¢ can be expressed with O(log(n(a + m)))
bits, whereas the parameter ¢ = ¢/d and each entry of V can all be expressed with
O(a+m) bits. The computational cost of the whole decomposition is thus O(Ezmn2 +
m(@@+ m)?). O

Combining the proof of Theorem 3 with the new decomposition given by Lemma 2,
we ﬁnd that SV(A, P, Q) reduces in polynomial time to MA(P Q) where P := UP
and Q =VQ.

Since SV(A, P, Q) is NP-hard (Corollary 1) and it reduces to MA(P, Q), we get
the following corollary.

Corollary 2 Computing the maximal angle between two polyhedral cones MA(P, Q)
is NP-hard.

3 Some Cases Solvable in Polynomial Time

Although the problems considered in this paper are NP-hard in general, as proved
in the previous section, it turns out that there are a few interesting cases when these
problems can be solved in polynomial time. This is the focus of this section. This
will be useful when designing algorithms in the next section, allowing us to check
beforehand whether a given problem can be solved easily.

@ Springer



4 Page8of34 Journal of Optimization Theory and Applications (2026) 210:4

Let us define the Nash pairs (u*, v*) € P x Q of the problem SV(A, P, Q) as the
vectors such that

(u, Av*) > (™, Av®), (U™, Av) > (u*, Av*™), Y@, v) e P xQ:ul =|vl=1.

Observe that the above means that u* solves SV(A, P, R;v*) and v* solves
SV(A, Ryu*, Q). Observe also that any solution pair and all local minima with non-
positive values of SV(A, P, Q) are Nash pairs.

3.1 Solving SV(A, P, Q) when GTAH > 0

When GTAH > 0, it is easy to identify all Nash pairs and, by extension, all solution
pairs.

Proposition 1 Let P and Q be polyhedral cones generated by G and H, respectively,
as in (4). Suppose that GT AH is a nonnegative matrix. Then, there exists a solution
pair (u, v) of SV(A, P, Q) where u and v are generators of P and Q, respectively,
and the optimal value of SV(A, P, Q) is the minimum entry of G AH. Moreover, if
G " AH is strictly positive, then any Nash pair is achieved by a couple of generators
in P and Q.

Proof Notice that since the columns of G and H have unit norm, we have,

0 < A':= min (u, Av)= min (Gx, AHy) < min(g;, Ahj).
ue PN Sy, x>0, |Gx| =1, i,j
veQNS, y=0, [Hyl =1

Thus, if GT AH has a zero entry then (GTAH),-,J- = (gi, Ahj) = 0 for some i, j.
From the above relation, we get A* = 0, and the thesis is proved with u = g; and
V= hj.

Suppose now that G AH > 0 which means that min; ;(g;, Ak ;) > 0. Notice that
this implies (u, Av) = (Gx, AHy) > 0 for all nonzero and nonnegative x, y, that is,
any nonzero u, v in the respective cones. Suppose that (u, v) is a Nash pair and that
u =oquy + arur withuy, uy € P, |u|| = |lut]l = |juz]]| = 1, and oy, oy > 0. Then

(u, Av) = ay{uy, Av) + ax(uz, Av) > (a1 +a2){u, Av) = 1> a; +az,
and, at the same time,
1= [lu]? = larus +@auz | = af + a3 + 2012 (u1, uz) < 14210 ((uy, uz) — 1)

= (up,u2) 21 = (u,u2) =1 = u; = us.

This proves that u must be a generator of P. By symmetry, v must also be a generator
of Q. Therefore, since any solution pair is a Nash pair we have that if (u,v) is a
solution pair of SV(A, P, Q) then u = g; and v = h; for some i, j, and A* =
min; j{(g;, Ahj) = min; ;(GTAH); ;. o
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By specializing Proposition 1 to the problems MA(P, Q) and PSV(A), we obtain
the following two corollaries, which were already known in the literature.

Corollary 3 [14, Theorem 2] Let P and Q be polyhedral cones generated by G and
H, respectively, as in (4). Assume that Q C P*. Then, the maximal angle between P
and Q are achieved by a couple of generators in P and Q, that is, the maximal angle
between P and Q is arccos (min,-,j(g,-, hj)) e [0, w/2].

Proof Since P = G(RY), z € P*if and only if Gz > 0. Then,
GTH>0 & (GTHyzo,VyeR(_Q & (Vv, veQ = GTsz>©Q§P*.

The result follows from Proposition 1 by recalling that MA(P, Q) = SV(I, P, Q). O

Corollary 4 [19, Corollary 1] Let A = (a;, ;) € R™ " be nonnegative. Then, the least
Fareto singular value of A is min; j a; j, and it is achieved by a couple of canonical
vectors in R'} and R'}..

Proof Since PSV(A) = SV(A, I, I), then by Proposition 1 the optimal value is the
minimum entry of G ' AH = A. O

3.2 Identifying Saddle Points

In general, the problem SV (A, P, Q) has many critical pairs. For instance, in [17]
it is shown that for all m,n > 1 there exists A € R™*" such that PSV(A) has
(2™ — 1)(2" — 1) critical pairs. In some cases, many of the critical pairs are saddle
points. In Section4.2, we will see a method to solve PSV(A, P, Q) by confronting all
critical pairs of the problem. Hence, it will be advantageous to recognize in advance
which critical pairs are saddle points so they can be omitted (see Algorithm 1).

Theorem 4 Let (u, v) be a critical pair of MA(P, Q) and let u € F,, v € F, where
Fy,, F, are the faces of P, Q with the least dimension possible containing u, v. If
dim(Fy,) + dim(Fy) > n and v # +u, then (u, v) is a saddle point.

Proof It is enough to construct twice continuously differentiable curves 6 +— u(6) and
¢ — v(@) (both around 0) such that (#(0), v(0)) = (u, v), (u(0), v(¢p)) is feasible for
MA(P, Q), and checking that the determinant of the Hessian of (6, ¢) — (u(0), v(¢))
at (0, 0) is negative.

To do that, observe that n > 1, and u, v belong to the relative interior part of F,,
F,. Call now S, and S, the span of F,, F,. From the hypothesis,

dim(S,) + dim(S,) = dim(F,) + dim(F,) > n — dim(S, N S,) > 0.
The fact v # Z4u ensures that v ¢ S, and u ¢ S,. Let z € S, N S,. Because of
the above discussion, we have that {u, v, z} is linearly independent. Let R, (6) be an

orthogonal matrix that fixes all vectors in the subspace orthogonal to V,, := Span{u, z}
and rotates the vectors of the plane V;, by an angle 6. We take u(0) := R, (6)u and
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observe that u(0) = u, and 6 — u(6) € F, N S, is twice continuously differentiable
for small |@]. Similarly, let v(p) := Ry, (¢)v be constructed in the same way over the
subspace V, := Span{v, z}. We have that v(0) = v, and ¢ > v(p) € F, NS, is twice
continuously differentiable for small |¢|. Thus, (#(0), v(¢)) is feasible for MA(P, Q)
around (0, 0), and the Hessian of (8, ¢) — (u(0), v(p)) at (0, 0) is

—(u, v) 1
1 —(u,v) )’

which has determinant (u, v)> — 1 < 0. This proves that (u, v) is always a saddle
point. We omit the details of the above computation since they are elementary but
quite technical. O

Through the reduction from SV(A, P, Q) to MA(P, Q) we can also identify saddle
points for the general problem of conical singular values.

Corollary 5 Let (u, v) be a critical pair of SV(A, P, Q) and letu € F,, v € F, where
F,, F, are the faces of P, Q with the least dimension possible. Let r be the multiplicity
of the singular value || A|| of the matrix A. If dim(F,) + dim(Fy) > m +n — r and
(u, Av) # x| Al|, then (u, v) is a saddle point.

Proof Notice that the statement is symmetric in P, Q just by changing A into AT.
As a consequence, we can suppose m > n. From the proof of Theorem 3, we can
reduce the conic singular value problem to the conic angles problem through the
decomposition A = [[A|UTV of Lemma 1 as SV(A, P, Q) = |A|MA(P, O),
where P = UP and é = VO are cones in R”" and (u, v) is a critical pair of
SV(A, P, Q) if and only if (x, y) = (Uu, Vv) is a critical pair of MA(P, Q). Here
s is equal to rank(AT A — ||A||?]), that is equal to n — r. Since P is an immersion
of P into R~ and x € F, where F, is the face of P with the least dimension
possible containing x, then dim(Fy) = dim(F,). Analogously, dim(Fy) = dim(F,).
Moreover,

(u, Av) = £||A|| <= ({Uu,Vv)==%1 < x=Uu=1Vv==y.

Theorem 4 allows us conclude that if dim(F,) + dim(Fy) > m +n — r then (x, y)
is a saddle point for MA(P, Q) and as a consequence, (u, v) is a saddle point for
SV(A, P, Q). O

Observe that —||A]| < (u, Av) < ||A|| for all feasible pair (u, v) of SV(A, P, Q).
Thus, the last result reduces the number and dimension of faces we need to test to
find the optimal solution, but it requires that (u, Av) = %| A|| is not attained for an
optimal pair (u, v) of SV(A, P, Q). The case (u, Av) = ||A|| is easy to check, since
it is equivalent to say that both P, Q have only one generator and G ' AH isa 1 x 1
nonnegative matrix.

The case (u, Av) = —||AJ| is also identifiable in polynomial time; see in Section 4. 1
where we report the algorithm that checks whether such a solution exists.
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3.3 Cases When an Optimal Vector is a Generator

Another consequence of Theorem 4 is that in low dimensions we know that all solution
pairs (1™, v*) of MA(P, Q) must contain at least a generator of the respective cone.

Corollary 6 Let (u, v) be a local minimum of MA(P, Q) with u # —v in dimension
n < 3. Then u or v is a generator of its respective cone.

Proof If u = v then P, Q are both generated by u since (u, v) is a local minimum,
so u is a ray of both cones. We can thus suppose that u # v. Since (u, v) is not a
saddle, then necessarily dim(F, ) +dim(F,) < n < 3 by Theorem 4, where F,,, F, are
the faces of P, Q with the least dimension possible containing u, v. Since the faces
have positive dimensions, one of the two must necessarily have dimension 1, and the
respective vector u or v will thus be a generator for the respective cone. O

When the dimension is larger than 3, the result does not hold anymore. Here is a
counterexample: take the cones P, Q € R*, where P is generated by (1, —1, 0, O)T,
(1,1,0,0)T, and Qs generated by (—1,0, 1, —1) T, (=1, 0, 1, 1) T. The only solution
pairisu = (1,0,0, 0)—r and v = \/LE(—I, 0,1, 0)—r that are both not rays of the
respective cones. In this case the faces where they lie are both of dimension 2 and
2 4 2 is not larger than 4, so Theorem 4 does not apply to the pair (u, v). In fact, it is
not necessarily a saddle point, but instead it is the global optimal solution.

Corollary 6 states that any solution (u*, v*) of MA(P, Q) in dimension 3 or less
contains at least a generator. As a consequence, the minimum over the optimal values
of MA(R, g;, Q) and MA(P, R h;) over all i, j corresponds to the maximal angle
of MA(P, Q). The problem thus reduces to solve

MAR4z, Q) : mvin(z, v) st ve QNS,, (6)

where z is an unit vector, once for each z = g; generator of P, and then the specular
problem MA(P, R, z) for each z = h generator of Q.
More in general, we will need a way to solve the problem (see Subsection4.3.1)

SV(A,Riz, Q) : min(z, Av) st ve QN Sy, (7
v

for any unit norm vector z. Problem (7), and consequently also (6), can be solved
easily by well-known methods. In fact, when (z, Av) > 0 for all v € Q, then the
solution is a generator of Q as proven by Proposition 1 applied to the cones (R4 z, Q).
Otherwise, it can be reduced to the problem of projecting —A "z onto the polyhedral
convex cone Q, see [2], which is a convex quadratic problem.

4 Algorithms for Cone-Constrained Singular Values

In this section, we propose 4 algorithms to tackle SV(A, P, Q) with P, Q polyhedral
cones generated by G, H respectively: two exact algorithms that come with global
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optimality guarantees but may run for a long time (Section 4.2), and two heuristics
that do not provide global optimality guarantees but run fast (Section 4.3). Before
doing so, we explain in Section 4.1 how to leverage the results of the previous section,
allowing us to identify cases that we know are solvable in polynomial time.

4.1 Preprocessing: Checking the Simple Cases

Let us denote (u*, v*) a solution pair of SV(A, P, Q) and A* the associated optimal
value.

Case 1: A* > 0. If A* is nonnegative, then 0 < A* < min; ; giTAhj because the
columns of G and H are unit vectors. As a consequence G' AH > 0 and from
Proposition 1 we can conclude that * > 0 if and only if G TAH > 0. The same result
shows that A* = min; ; gl.T Ah j, which can be easily detected in a preprocessing step.
For this reason, from now on, we assume that A* < 0.

Case 2: A* = —||A||. The case ,* = —||A|| can be checked using the singular value
decomposition and solving convex quadratic programs. In fact, it is equivalent to say
that v* is a right singular vector for —A associated with the singular value || A| and
the left singular vector u*. We take U, V as the basis for the left and right singular
vectors of A relative to ||A||, respectively, and realize that there must exist a vector
w* # 0 for which v* = Vw™* and u* = —Uw™. Since u* € P and v* € Q, then
u* = Gx* and v* = Hy* with x*, y* nonnegative coefficients, that we can join in
¥ = (y*T x*T)T > (. Then for any W with orthonormal columns spanning the same

*
), there exists a nonzero w such that (Z*> =Ww = (H O> ¥ £

subspace as v
P - 0G

U
0. So,
C(HOY , _ T(HOY\ . H 0\ .
EIw#O.(O G)Z =Ww < (I-WW )(0 G)Z =0, <0 G)Z #0

We thus need to check if 0 is the optimal value for the optimization problem

. _ . (H O ] HO
mzm (1 WW)(OG z|| + 2>=0, 0G 7 #0. ®)
Notice that if the problem
. _ T.(H O ) T(HO\
min ¢ WW)(OG zZ| 1z2=0,p 0Gli=w 9

has optimal value equal to zero for some vector p, and either for k = 1 or k = —1,

then also (8) has the same optimal solution z* with the same zero optimal value.

The converse, though, is not true, since the optimal z* solving (8) might satisfy
+(HO

P \ogG)*

then the probability for it to happen is zero. On the other hand, if z* solves (8), then

* = 0, but if p is drawn randomly from any continuous distribution,

@ Springer



Journal of Optimization Theory and Applications (2026) 210:4 Page 13 of 34 4

. . . .. HO
there exists an index i and a positive constant i such that ei‘r ( 0 G) uz* = =1, so

(9) has optimal value O for p = ¢;.

As a consequence, we can transform the problem to check if A* = —||A|| into a
set of easily solvable least squares problems with linear constraints. We propose two
approaches to do so, a fast but randomized formulation, or a slower but deterministic
one:

e Given a randomly chosen vector p drawn from any continuous distribution, and

given z* solving (8), p " I(-)I g) z* = 0 with probability zero. In particular, if O
is the optimal value of (8), then 0O is also the optimal value of (9) (for either k = 1

or k = —1) with probability 1. If O is not the optimal value of (8), then 0 is also
not the optimal value of either (9).

e 0 is the optimal value of (8) if and only if O is also the optimal value of (9) for
p = e; and some index i. As a consequence, we can look for a zero optimal value
of (9) for all possible p = e;. This is computationally more expensive than the
randomized approach above since we need to solve n problems in the worst case,
but it has the advantage of being deterministic.

4.2 Exact Algorithms

In this section, we propose two exact algorithms to tackle SV(A, P, Q): a brute-force
active-set that enumerates all possible supports of the solutions (u#*, v*) (Section4.2.1),

and a formulation that can be solved via the non-convex quadratic solver of Gurobi
(Section 4.2.2).

4.2.1 Brute-Force Active-Set Method for Polyhedral Cones

In [15], the authors used a brute-force active-set method to find exactly all the Pareto
singular values in PSV(A). A similar method has been used to find all the critical
angles between two cones in [14]. It is thus not surprising that the same reasoning can
be used to solve exactly SV(A, P, Q), thatis

min (u, Av) = min (Gx, AHYy). (10)
u€P, Jul=1, x =0, [[Gx] =1,
veQ, vl=1 y=0, [[Hyl =1

The main idea is that, for an optimal pair (x*, y*) we can restrict x*, y*, G and
H to the non-active sets Z := {i : x > 0} and J := {i : y/ > 0} obtaining
G = G.7, H = H. 7 and discover that the restricted optimal X* = x% and y* = Yy
solve
min (Gx, AHY).

% >0, [Gxl = 1,

¥ >0, [Hy| =1
The pair (x*, y*) will also be a local minimum for the same problem when we remove
the positivity constraints X,y > 0, and can be computed using classical Lagrange
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multipliers, see Theorem 5 below. As a consequence, one could test every index set Z
and J and solve the reduced problems to find (x*, y*). The following result, whose
proof is similar to the one in [15], shows some necessary conditions for a pair (x*, y*)
to be optimal. We denote by M the pseudoinverse of a full column rank matrix
M e R™" thatis, M+ := (M "M)"'MT e R,

Theorem5 Let A € R™*" and let P = GRi and Q = H}R?F be polyhedral cones
as in (4). Let (u*, v*) € R™ x R" be an optimal solution of problem SV (A, P, Q),
with 1* = (u*)T Av* # %|A|| and A* < 0. Then there exist x*, y* > 0 such that
u* = Gx*, v* = Hy* forwhich® #1 :={i : x’ >0} C [pl, D #T =1{i : y/ >
0} C [q] and that the following four properties hold:

e Property 1. |Z|+|J| < n+m —r, where r is the multiplicity of the singular value

IAll of A B

e Property 2. G := G. 1 and H := H. g are full column rank.

e Property 3. if X* = x3, Y = y}, ¢ o= (y*T E*T)T and M =
_+0 — - AG , then \* is the least eigenvalue of M and 7* belongs to
G AH 0

its eigenspace.
e Property 4. If G = G.zc and H = H. gc then (

HH 0 \_

0 HTATG)\.,
GTAH 0 ¢

Proof Let us rewrite SV(A, P, Q) in terms of the generators G, H of the cones P, Q,
respectively, as in (10). Necessary conditions for stationarity of (10) are given by the
following KKT conditions

0<x LGTAHy —AG"Gx >0,
0<yLHTATGx—1HTHy >0, (11)
IGxll = [Hyll = 1.

If now (u*, v*) € P x Q is an optimal solution of problem SV(A, P, Q), then by
Carathéodory’s theorem, u™ and v* are generated by some linearly independent subset
of generators of their respective cones. In other words, there exist x*, y* > 0, such that
u* = Gx*,v* = Hy*andif T :={i : x} > 0} C [pland J :={i : y} > 0} C [¢]
then G := G. 7 and H = H.. 7 are full column rank. Property 2 is thus satisfied.
Considering X*, y*, 5 H from the thesis, we can rewrite (11) as

0<%, G AHy -G Gx* =0,

0<7*, H ATGY —H Hy* =0,

GTAHY* — G TGx* > 0, (12)
HTATGx* — AHTHy* >0,

IGX*|| = |Hy*|| = 1.
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Notice that A* = (u*, Av*) = (Gx*, AHy*) = A|GX*|* = A, so Property 4
corresponds to the third and fourth inequalities of (12). Since the G, H have full
column rank, then ETE, HTF are invertible and thus 6+Aﬁ§* — A*X* = 0,
HTATGr — A*y* =0, thatis, MZ7* = A*Z*. Notice that X*, y* are strictly positive
vectors, and they solve the minimization problem
min  (Gx, AHYy) = \*.
>0, [GF| =1,
y>0, [Hy|=1

Asaconsequence, (X*, y*) is alocal minimum for the simpler problem min IGE|=H] =1

(Gx, AHY). The vector Z* must thus satisfy the necessary second order conditions
for the local minima, that are

2{Gwy, AHwy) > M*(|Gwy > + [Hwy|I?) V(wy, wy) € Z(Z),
(M — 217" =0, (13)
IGx*|| = |Hy*| = 1,

where Z (%) :={(wy, wy) € R x RZI: (Gw,, Gx*) = (Hw,, Hy*) = 0}. Since
G and H are full column rank, then we have the following similitude relations

=t T~ =T -1 =T T~
M= 7+07H A'G _ H Hi_(?i —TO—H A'G — N-lB~N-12pN-1/2
G AH 0 0 G G G AH 0

and the last matrix is in particular real and symmetric, so M is diagonalizable and it has
areal spectrum. Notice that since B, N are symmetric,then NM = B = BT =MTN.
The first condition of (13) can now be rewritten as

(w, Bw) > A*(w, Nw) Yw € Z(IZ%) (14)

where Z(z%) 1= {w € R (w, NZ*) = (@, Nz*) = 0} and w := (w, w;{)T,

y
W= (w‘T —w;r)T. Suppose now w is any real eigenvalue of M such that || # |A*],

. . T . . ~ ~
with an eigenvector s := (s;r s;) normalized as (s, Ns) = 1.Noticethat M's = —us

and that from MZ7* = A*Z*,

wis, NZ*)y = (Ms, NZ*) = (Ns, MZ*) = A*(Ns,z¥) = (Ns,7%)
—u(s, NZ%) = (M5, NZ¥) = (N5, MZ*) = A*(N5,7") = (N5,7%) =

07
07
which in turn implies that s € Z(z*). Finally, from (14),

W= ju(s, Ns) = (Ms, Ns) = (s, Bs) = A*(s, Ns) = A",

so u > A* and repeating the same reasoning with —u, one gets —u > A*. Since by
hypothesis A* < 0, then A* is the least eigenvalue of M and Property 3 is satisfied.
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Since G is full rank, then u* = Gx* is in the interior part of a face of at least
dimension |Z| in P and analogously v* = HYy* is in the interior part of a face of at
least dimension | 7| in Q. Since A* # =+ A||, then by Corollary 5 we can impose
IZ] + |J| < n+ m — r, otherwise the point (u*, v*) will be a saddle point, and thus
not a global minimum. Property 1 is thus also proved. O

Properties 1-4 in Theorem 5 are necessary for (x*, y*) to be an optimal solution, but
they are not in general sufficient. In fact, these properties are common to many critical
pairs of SV(A, P, Q), and in general they can only guarantee that the computed value
A is an upper bound of the optimal A*. This shows the need to test every pair of subsets
of indices (Z, [J) to be sure to find the optimal solution.

A problem that has never been addressed before is how to check whether there
exists a nonnegative and nonzero vector 7* belonging to the A-eigenspace of M, that
is, how to check whether Property 3 of Theorem 5 is satisfied when the eigenspace
has dimension larger than one. In fact, if the eigenspace has dimension one, then it is
enough to take a single eigenvector w of M and check if w is either nonnegative or
nonpositive, and in that case 7" = w or " = —w, respectively.

When instead the eigenspace has dimension larger than 1, then we need to solve a
least square problem with linear constraints as described by the following proposition.

Proposition 2 Suppose that § # T < [pl, @ # J < [gql with |I| < |J|. Let
A e R G € R™P, H € R"™1 such that the columns of G and H have unit
norm and G = G.1 and H := H. 7 are full column rank. Let A, := H ATG,
Ay = 5+ AH and let Ug and Uy be matrices whose columns are orthonormal basis
for the images of G and H respectively. Suppose moreover that U is a basis of the
p(AyAy)-eigenspace of AyAx and let V be an orthonormal basis for the image of

AU/
( U ).Then

1. the spectral radius of AyAy is p(AyAy) = UL AUK |2,

. . 0 A
2. 1= —/p(AyAy) is the least eigenvalue of M = (Ay ox)’

3omingg ooy |(VVT =Dz =0 &= 3ZeRY7P 2£0: Mz =17,

4. if7 #0solves VVZ =7 > 0, then given the decompositionz' =[y' x']with
¥ e RZL 5 e RV andu = Gx/||Gx|l, v= Hy/|[HY|, we have that (u, v) is a
feasible point for problem SV (A, P, Q) with A = u ' Av.

Proof First of all, Ay A, is similar to BB where
B:=(G GG AHH H),

so AyAy is diagonalizable and all its eigenvalues are nonnegative. In particular,
p(AyAy) is an eigenvalue of AyA,. Moreover, E(ETH)_IH = Uy Vy where Vg

is a square orthogonal matrix, and similarly E(ETE)_I/ 2 =UgVg, so p(AyAy) =
IB|? = ||U2;—AUH||2. If Mw = pw, where w = [w;r u);(r]T and u are nonzero, then
AyAswy = pAywy = uzwx and w, is nonzero, SO uz isan eigenvalue of Ay Ay. Vice
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versa, if AyAywy = u2wx with w, and p nonzero, then we can call wy 1= Aywy/p
and obtain that Ayw, = pwy, sow = [w;r w;(r]T — Mw = puw. As a conse-
quence,

{j:«/x theA(AyA)) = A M)\ {0},

where A (C) denotes the spectrum of a square matrix C. In particular, —,/0(AyAy)
is the least eigenvalue of M.

Since V'V T is the orthogonal projection on the space E := Span(V) that coincides
A U/A

U
is equal to zero is equivalent to checking whether there exists a nonzero and nonneg-
ative vector 7 = [?T )TT]T in E, that is, there exist X, y > 0 and a nonzero w such
that x = Uw and y = A Uw/A = A,X/A. Notice that A,y = AyAX/A = AX
since U is a basis of the Az-eigenspace of AyAy, so we obtain Mz = AZ. Viceversa,
if MZ = AZand 7 = [iT YT]T > 0 is nonzero, then AyAxX = LA,y = 22X so
X is a A” eigenvector of A, A, and there exists a nonzero w such that ¥ = Uw and
y=AX/A=AUw/A.

Given such a nonzero vector 7 > 0, notice that both X,y > 0 are nonzero since
y = Ax/A =0ifandonlyif X = Ayy/A = 0. This means in particular that |Gx| >
0 since G is full column rank. Moreover, one can verify that |GX||?> = |HY||?, so

with the space spanned by < ),checking whethermin_ ,7._; [(VVT = I)z||

. vy — (GF AH5) _ (G%. GG AHy) _ (Gx,GA,y) _ . (GX.Gx)
IGXINHY] IGx112 IGx112 IGx1I?

O

Notice that min - 7, H Vvt -z || = 0 is a classical least square problem
with linear constraints, that can be solved in polynomial time by classical algorithms.

Using the two results combined, we can now come up with a method to solve
SV(A, P, Q), summarized in Algorithm 1. The method coincides with Algorithm 3
in [14] when generalized to SV(A, P, Q), with few differences.

Algorithm 1 is intended to be used after the preprocessing described in Section 4.1,
ensuring that the problem does not have trivial solutions, and in particular that the
least singular value of SV(A, P, Q) is neither nonnegative nor equal to —|A||. The
explanation for the steps of the algorithm is as follows:

e In Step 1, we take A = (g;, Ah;) = ming ¢ (GTAH)M as an upper bound for the
optimal solution, with feasible solution given by (u, v) = (gi, i ;).

e In Step 2, we collect in .# all the pairs of index sets (Z, J) < [p] x [g] of
nonzero entries for (x, y) satisfying Property 1 and 2 of Theorem 5. We also
impose 2 < |Z| 4 |J| since all the cases for which 1 = |Z| = | J| coincide with
(u, v) = (gi, h;) that have already been considered in Step 1.

e Once a pair (Z, J) is fixed, the smallest eigenvalue of the matrix M squared is
computed in Steps 4-6 as the opposite of the spectral radius p of AyAy or AyA,,
depending on which one of the two matrices has smaller size, as shown by point
2 of Proposition 2.

@ Springer



4 Page18o0f34 Journal of Optimization Theory and Applications (2026) 210:4

e In Steps 6-8, we discard the pair (Z,.7) if p < A% because by Property 3 of
Theorem 5, the optimal solution cannot have the least eigenvalue of the matrix
M greater than —A. Moreover, it is possible to prove that in this case all feasible
solutions (x, y) with sparsity pattern (Z, J) cannot improve the current upper
bound A.

e If p > A% then we check if M admits a nonnegative eigenvector Z relative to its
least eigenvalue u© = —,/p. If the eigenspace has dimension 1, it is enough to
check in Steps 11-12 if W is nonnegative. Otherwise, in Steps 14-15 we solve the
problem in point 3 of Proposition 2. In case the eigenvector exists, by Proposition
2 the eigenvalue u is a better upper bound than A to the optimal solution and we
can compute a feasible solution (#, v) such that u = (u, Av).

By Theorem 5, for the pair (Z, [J) relative to the optimal solution, the least eigenvalue
of M coincides with the optimal A* of the problem SV (A, P, Q) and its eigenspace
contains a nonnegative eigenvector z. As a consequence, Algorithm 1 is bound to
output the correct solution.

Algorithm 1 Brute-Force Active-Set method (BFAS) to solve SV(A, P, Q)

Input: Matrix A € R™*" matrices G € R™*P, H € R"*4 with unit columns generating the cones
P C R™ and Q C IR". Requires also GTAH # 0and —||AJ| is not the optimal value of SV(A, P, Q).
Output: An exact solution A = min(u, Av) such that ||u|| = ||[v|| =1,u € P,v € Q.

It A= (g, Ahj) =ming ¢ (GTAH)g g,u = gj,v="hj,r = Null(ATA — [|A|2L,).
2: 7 :={(Z,J) S Ipl xlq] :2 <|Z|+|T| <m+n—r, G := G, 7 and H := H._ 7 full column rank}
3: for(Z J)GJ do
Ay=G ATH, Ay =H' AG.
Ay = AyAx, Ay = Ay (or Ay = Ay Ay, Ay = Ay if |Z] > |T)).
if p(A;) < A2 then
Skip to the next (Z, J) € ..
end if
Compute the right eigenspace U relative to the eigenvalue p(Ay) of Aj,.

10 pw=—pA, W= <Akg/“>.

11: if p(A;) has multiplicity 1 and W is nonnegative or nonpositive then

122 a=p W=D "7 r Wl =[xT yTifIZ] > T, u = Gx/IIGxll, v = Hy/[Hyl.
13:  elseif p(A)) has multiplicity > 1 then

14: Compute an orthonormal basis V for the image of W.

15: If (VVT —Nz=0,2>0, eTz = 1 admits a solution 7, then

16:  a=pz=0" ¥ (rz=[x" ¥ |Z| > |TD), u = GX/GXll, v = Hy/[HYI.

17:  end if

18: end for

WD N

4.2.2 Non-Convex Quadratic Solver for Polyhedral Cones with Gurobi

For polyhedral cones P and Q, the sign of the optimal objective value, A*, of problem
SV(A, P, Q) can be checked; see Section 3. When A* < 0, the challenging case,
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SV(A, P, Q) can be reformulated as follows:

A* = min (u, Av) suchthat |u| <1and|v| <1. (15)
ueP,veQ

In fact, the norm constraints will be active at optimality since (u, Av) is linear in u
and v separately, and A* < 0. This reformulation (15) has a convex feasible set over
which we optimize a non-convex quadratic objective. When P and Q are polyhe-
dral cones (defined either with inequalities or via generators), the global non-convex
optimization software Gurobi! can solve such problems. Let us briefly explain how it
works. Gurobi relies on so-called McCormick relaxations [11]. It introduces an auxil-
iary variable for each product of variables (the non-convex terms in the objective): Let
Q={G,Jj)|A@, j) > 0}andd = |L2|. Let us denote i} and ji the indices of the entry
of A corresponding to the k-th entry of €2, thatis, Q = {(ix, jx) |k =1,2,...,d}. Let
us also denote the set B = {(u, v, w) | w = uv, —1 < u, v < 1}. The problem (15) is
equivalent to

d
A= min > Ak, ji)w such that (uj,, v, wi) € B for (ix. jx)
ueP,veQ,wekd =1
€, flull < Tand |jv]| <1.
The constraints wy = u;,vj, makes the problem non-convex. However, it can be

relaxed using the McCormick envelope, which uses the smallest convex set containing
B: Constraints of the form w = uv are relaxed to

w<-ut+v+l, w<u—-v+1l, w>-u—-v—1, w>u+v-—1.

The curve (u, v, uv) is sandwiched between four hyperplanes, each of them containing
3 vertices of the hypercube [—1, 113

The McCormick relaxation optimizes over this (linear) convex envelope, and hence
obtains a lower bound for A*. From this solution, Gurobi will subdivide the feasible
set into smaller pieces, using a branch and bound approach. For each of the d non-
zero entries of A, we might have to branch up to a desired precision, and the worst-

case complexity of this procedure is in O ((%)d poly(m, n)) where € is the desired

accuracy. In practice, Gurobi can avoid exploring a large part of the domain, because
of the branch-and-bound approach. Note that when A has a few non-zero entries, there
are fewer non-convex terms and hence Gurobi is more likely to solve such problems
faster.

Recall that in case of polyhedral cones, we can rewrite problem SV (A, P, Q) in
terms of the generators of the cones, as in

min (Gx, AHYy). (16)
x>0, |Gx| <1,
y=0, [[Hyl <1

1 https://www.gurobi.com/solutions/gurobi-optimizer/
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This is again a non-convex quadratic problem that can be solved with Gurobi, but
from the experiments we consistently observe that solving (15) in (u, v) is faster
than solving (16) in (x, y). This behavior depends on the fact that GTAH is usually
less sparse than A, so the McCormick relaxation introduces more variables and the
computational cost rises considerably.

4.3 Heuristic Algorithms

In this section, we propose two heuristic algorithms (that is, algorithms that come
with no global optimality guarantees) to tackle SV(A, P, Q): one based on alternating
optimization (Section 4.3.1), and one based on fractional programming (Section 4.3.2).

We point out that a method based on alternating optimization has already been
exploredin[19, Section 6] for the problem PSV (A) (with A having at least one negative
entry) by exploiting the equivalence with the best nonnegative rank-one approximation
problem (1).

4.3.1 Alternating Projection with Extrapolation
Given A, P and Q, we want to solve

min (u, Av) suchthat |u| =|v] =1
ueP,veQ

A standard, simple and often effective optimization strategy is block coordinate
descent. Recall that one can easily check whether the optimal objective function value
is nonnegative; see Proposition 1. If it is negative, then one can relax the constraints
lull = |lv]l = 1to |lu|| < 1, ||v]] < 1 to make the feasible set convex. In this case, we
are facing a bi-convex problem, that is, the problem is convex in # when v is fixed, and
vice versa. Hence, it makes sense to use two blocks of variables: u and v, also known
as alternating optimization (AO). Given an initial v, it simply alternates between the
optimal update of u# and v, which are convex optimization problems.

In our case, the subproblems are convex and the feasible sets are compact, hence
AO is guaranteed to have a subsequence converging to a critical pair [8].

Subproblems in # and v: The subproblem in u is expressed as
u = argmin,p(x, Av) suchthat |x| < 1,

and the subproblem in v is analogous. This is a classical optimization problem as
discussed in Section 3.3. In the case of polyhedral cones, we use Gurobi to solve the
two subproblems.

In some special cases, the subproblems in # and v can be solved in closed

form. In fact, in the case P = R'}r', given the vector ¢ = Av, we need to solve
min(c,0)
[T min(c,0)]]

if ¢ # 0, otherwise x has a single non-zero entry equal to one at a position
i € argmin; c;.

miny >0, |x||=1{x, ¢). It can be easily checked that the optimal solutionis x =
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When P and Q are not polyhedral, the same algorithm can still be applied, as
long as we can explicitly express the projection maps on both cones, or if we have a
convergent method to solve the convex subproblems in u, v.

Extrapolation AO can sometimes be relatively slow to converge. To accelerate con-
vergence, we use extrapolation. After each update of # (and similarly for v), we define
the extrapolated point u, = u + B(u — u,) where u, is the previous iterate, and
B € [0, 1]is a parameter. Note that the extrapolated point does not need to be feasible.
To guarantee convergence, we restart the scheme when the objective increases, and
also decrease B by a factor n (we will use n = 2). When the objective decreases,
we slightly increase 8 by a factor y to reinforce the extrapolation effect (we will use
y = 1.05). This is a similar strategy as used in [1].
Algorithm 2 summarizes our proposed extrapolated AO (E-AO).

Algorithm 2 Extrapolated Alternating Optimization (E-AO) to solve SV(A, P, Q)

Input: Matrix A € R"*" poyhedral cones P € R and 0 € R”, initial point vy € Q with [lvg] = 1,
maximum number of iteration K, stopping criterion § <« 1, extrapolation parameters 8 € (0, 1],
n >y > 1. (Default: K =500, 8 = 1079, B=05n=2,y=1.05)

Output: An approximate solution to min, e p e (1, Av) such that [[u|, |[v]| < 1.

1: u:O,v:O,ve:vo,k:1,5p:ﬂ,up:u,vp:v,rs:o.
2: while k < K and (rs =1loru—upll=8orflv—vpl =8or(k<3orep_p—ex_1 > (Sek,z))
do

up = u. % Keep previous iterate in memory

u = argmin,cp(x, Ave) suchthat [x|| <1.

e = u+ B(u —up). % Extrapolated point

vp = v. % Keep previous iterate in memory

v o= argmin),eQ(ue, Ay) such that |ly]| < 1.

ve = v + B(v — vp). % Extrapolated point
9: % Restart scheme when the objective increases
10: ex=u' Av,1s = 0.
11: ifk>2and e > ex—1 and B > O then

PRINRP

12: U=uUp,V="p, Ve =Vp,Bp= g, B =0,18= 1, e = ex—_1. % Next step will not extrapolate
13:  else

14: B =min(l, yBp), Bp = B.

15:  endif

16: k< k+1.

17: end while

In our experiments, we will use multiple random initializations: we generate i at
random using the Gaussian distribution (u_0 = randn (m, 1)); note that uy does
not necessary belong to P. Then we get vg € Q by solving? minyeg,jvj<1 (1, Av).
Also, because of the automatic tuning of 8, E-AO is not too sensitive to its initial
value; we will use 8 = 0.5.

2 Recall that, if the optimal v* = 0, it means the optimal solution for ||v|| = 1 is an extreme ray of Q
minimizing the objective.
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4.3.2 A Sequential Regularized Partial Linearization Algorithm

Recently, de Oliveira, Sessa, and Sossa [13] proposed a sequential regularized partial
linearization (SRPL) algorithm for computing the maximal angle between two linear
images of symmetric cones (LISCs). It is straightforward to adapt that method for
solving SV (A, P, Q). For simplicity of the presentation, we only describe the algo-
rithm for polyhedral cones which are particular instances of LISCs. Let A € R™*",
and P C R™ and Q C R" be polyhedral cones generated by G and H, respectively,
as in (4). In this section, we also assume that P and Q are pointed. That P is pointed
means that P N — P = {0} which is equivalent to the property that x > 0 and Gx =0
imply x = 0.
The problem SV (A, P, Q) can be equivalently reformulated as

) (u, Av
min
ueP,veQ |lullllv|

such that u # 0 and v # 0. 17

The ¢> norm constraint in SV(A, P, Q) is removed by using a fractional objective
function in (17). By making the change of variables u = Gx and v = Hy, the
objective function does not depend on the normalizations on x, y, so we can impose
instead (1, x) = (1, y) = 1. Then, by denoting Ay := {x e R : x > 0, (1,x) = 1},
the probability simplex in R?, (17) becomes

) (Gx,AHy)
min D(x,y) = . (18)
XEA,, yEA, IGxIHy

The denominator of (18) does not vanish for any (x, y) € A, x A, because of the
pointedness assumption on the cones. The SRLP algorithm, described in Algorithm 3,
relies on solving the fractional program (18) by following the approach given by
Dinkelbach in [4]. That is, the problem (18) is reformulated as a parametric opti-
mization problem on A, x A, with objective function f5(x,y) = (Gx, AHy) —
3|Gx||||Hy]| with 6 € R. The method to solve this parametrized problem consists
on linearizing fs(x, y) with respect to each variable and solving regularized linear
programs for each variable; see Algorithm 3.

Note that the solution of problem (19) in Algorithm 3 can be obtained by solving
the following projection problem onto the probability simplex:

1 2
min —Hx — (k- c—")H with ¢ := GT(AHY* — 8, 1GxF||~ | Hy* | Gx").
XEAp 231

An analogous observation holds for problem (20).

5 Numerical Experiments

Tosolve problem SV (A, P, Q), we have described four methods: the brute-force active
set (BFAS, Algorithm 1), a non-convex quadratic solver for polyhedral cones with
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Algorithm 3 Sequential Regularized Partial Linearization (SRPL)
Input: Matrix A € R"™*" polyhedral cones P = G(Rf_) and Q = H (R(i); initial points x0 € A P
y0 € Ag;prox-parameters i1, 42 > 0;line-searchalgorithm parameters 8 > 0,0 <a < 1,0 < p < 1;

maximum number of iteration K, stopping criterion § < 1. (Default: 8 = 1, « = .001, § = 10_6,
K = 5000, p = .2.)

Output: An approximate solution to min, e p ye g (4, Av) such that [[ul| = [Jv] = 1.
1: Setk := 0.

(GxK, AHYK)
2: Set & = e A

IGx* I H "]

3: Let L’l‘(x) = <Gx, AHyk - (SkIIkall_1 ||Hyk||ka>. Compute a solution 7K to the convex program
min L¥(r) + Bl — xk)2, (19)
xeAp 2
4: Let Lé(y) = <Hy, ATGxk — Sk HkaH ||Hyk Hleyk>. Compute a solution yk to the convex program
ook H2 k2
min L5(y) + =2y — y¥|I°. 20
min L50) -+ Sy =5 (20)

5: Let dll‘ =5k — x* and d§ = ik - yk.
6: 1 (|1LK (@¥)| < § and | L& (d@¥)| < §) or k > K terminate.

Otherwise, let t; 1= ,Bp[k , where ¢, is the smallest nonnegative integer ¢ such that
Lhdb) + L @ah)

(K 4 Kak yF 4 kd) < d (K Y 4 ag
! 2 Gk ([ Hy* |

Set (ka, yk“) = (xk, yk) + tk(dk, dlz‘). Go to step 2.

Gurobi (Gur), the extrapolated alternating optimization method (E-AO, Algorithm 2)
and the sequential regularized partial linearization (SRPL, Algorithm 3).

Among them, only BFAS and Gur can verifiably solve the problem exactly (up to
a fixed tolerance). E-AO and SRPL are instead designed to be fast heuristics, but they
only converge to stationary points. BFAS can also be considered a heuristic method
when bound by a fixed time limit. Gurobi, instead, has a built-in fast auxiliary heuristic
method which is used to speed up the branch and bound method, so Gur is also able
to provide good upper bounds to the optimal solution in a relatively short time.

All experiments are implemented in MATLAB (R2024a) and run on a laptop with
an 13th Gen Intel Core™ i7-1355U and 16 GB RAM. For the experiments involv-
ing the software Gurobi, we use the version 11.0.0. The codes, data and results for
all algorithms and experiments can be found in the repository https://github.com/
giovannibarbarino/coneSV/.
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5.1 Schur Cone and Nonnegative Orthant

The Schur cone 57 in n dimensions is defined by

k
,%”:z{xeR” in20 V1 <k<n, (1,x)=0}CR”.
i=1

First, we derive the maximal angle and the antipodal pairs of MA(J#, R".), so that
we have a ground truth over which to compare the algorithms.

Lemma 3 If J7 is the Schur cone in n dimensions, then

1 1
min (oy) =y == 1= =, Y =e, xF= [— (7—en),
xejf,ye]R’jr n n—1\n
lxl =yl =1

where (x*, y*) is the only antipodal pair.

Proof Let A* denote the optimal value of MA (77°, R} ). Notice that .7#’ is not contained
in R, but it is contained in the subspace 1+, so

1 . .
0>A">— max (x,y)=—1—= min min |y — x|°.
xell y R \Ryl 2 yeRI\R1 yelt
lxll =yl =1 Iyl =1 lx|l =1
Observe that for y € R \ Ry 1 such that ||y]| = 1, the last minimization problem

has the orthogonal projection of y onto 1 N S, as its unique solution. This is given
by Proj;1 (y)/||Projy ()|, where Proj 1 (y) = y — ({y, 1)/n)1 is the projection of y
onto 11, see [2]. Then,

N 172
1 N2 1 1
2> — max <1—7(y,1) ) =—|1-= min (y, 1) =—/1-—.
yeRL, Iyl =1 n nlyeRL, lyl=1 n

The proof concludes by noticing that (x*, y*) achieves the above bound, and that the
solution set of the last minimization problem are the canonical vectors of R”, where
y* = e, is the only vector that produces a feasible x* in JZ. O

Table 1 reports the optimal value found by the algorithms Gur and BFAS regarding
the problem of finding the largest angle between the Schur cone and the positive orthant
in dimension n for n = 5, 10, 20, 50, 100, 200, 500. When the algorithms terminate
in less than 60 seconds, we report the elapsed time, otherwise we report the best value
found in 60 seconds. The numbers in bold are the optimal angle found, whenever they
coincide with the exact angle up to a tolerance of 10~>7, and the elapsed time is under
60 seconds. Sometimes, the algorithms may find larger angles than the exact ones, but
it has to be attributed to rounding errors.
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Table 1 Numerical comparison for Gur and BFAS for different dimensions for the problem of finding the
maximal angle between the Schur cone and the positive orthant cone.

n 5 10 20 50 100 200 500

exact 0.852416r  0.897584mw 0.9282177 0.954833w 0.9681167  0.9774737w  0.985760m
Gur 0.8524167r  0.8975847  0.9282187  0.9548337  0.9681167 0.9774737  0.9857567

0.1134 s 0.2016 s 20.1493s  60* s 60* s 60* s 60* s
BFAS 0.8524167  0.8975847 0.7500007 0.7500007r  0.7500007  0.7500007  0.7500007
0.3310's 48.3153s  60* s 60* s 60* s 60* s 60* s

The table reports the optimal objective function values (in terms of angles, which is more interpretable)
found in the time limit (60 seconds) and the actual elapsed time. We also report the exact value for each
problem, Bold angles indicate the exact (or best known) solution within the prescribed tolerance, while
bold times indicate the smallest elapsed time

Exp. 1: Schur cone - Nonnegative Orthant Exp. 2: Schur cone - Schur cone

SRPL I+SRPL
E-AO [+E-AQ
Gur [+-Gurobi
Exact] 0.9897 Exact

0.991x

0.9637 !

0.9687 -

0.9937

0.9957 I T S SR S S |
2 4 6 8 10 2 4 6 8 10

Fig.1 E-AO, SRPL, BFAS and Gurobi compared on the problem of finding the maximal angle between the
Schur cone and the nonnegative orthant (left image), and between the Schur cone and itself (right image)
in dimension n = 200. For E-AO and SRPL, 100 iterations from randomly generated points are plotted in
lighter colors, and their average with a thick line. The x-axis represents time in seconds

We observe that Gur outperforms BFAS both in speed and accuracy. In fact, Gur
guarantees to have found the optimal solution up to dimension 20 in less than 60
seconds, and even when its computational time exceeds a minute, it finds the exact
solution up to dimension at least 500. BFAS instead can only solve the problem exactly
up to dimension 10 and it is way slower than Gur.

In the left image of Figure 1, we report a comparison of the four methods over a
timespan of 10 seconds for the same problem in dimension n = 200. Since a single
execution of E-AO and SRPL usually takes between 0.3 and 2 seconds, we restart
the algorithms with a new random initial point and keep only the best solution, until
we reach the mark of 10 seconds. We perform 100 of these 10 seconds run for both
heuristic algorithms and plot the average value over time, in addition to all performed
runs in the background. The parameters used in SRPL are 1 = 0.25, up = 0.01.

We observe that Gur immediately reaches the optimum value, also met by E-AO
in less than 2 seconds on average. SRPL, instead, does not converge to the optimal
value in any run, and it seems unable to break the 0.9727 barrier. Finally, BFAS is not
represented in the plot since its best value at 10 seconds is equal to 0.757.
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Table 2 Numerical comparison for Gurobi and BFAS for different dimensions for the problem of finding
the maximal angle between the Schur cone and itself.

n 5 10 20 50 100 200 500

exact 0.8000007r  0.9000007r  0.9500007r  0.9800007r  0.9900007r  0.9950007  0.9980007
Gur 0.8000017  0.9000007  0.9500007r 0.980000r 0.9363157  0.9949967  0.998011x

0.2508 s 60* s 60* s 60* s 60* s 60* s 60* s
BFAS 0.800000r  0.9000007r 0.8591577 0.8040877 0.7500007 0.7500007  0.7500007
0.3856 s 60* s 60* s 60* s 60* s 60* s 60* s

The table reports the optimal objective function values found in the time limit (60 seconds) and the actual
elapsed time. We also report the exact value for each problem, Bold angles indicate the exact (or best known)
solution within the prescribed tolerance, while bold times indicate the smallest elapsed time

5.2 Schur Cone with Itself

The Schur cone has a more involved structure than the nonnegative orthant. So, in this
section, we test the performance of our algorithms when both cones on the problem
MA(P, Q) are the Schur cones, that is, P = Q = 7. The precise optimal value of
MA (¢, 7¢) was computed in [7, Proposition2] and is equal to cos (%r{)

Table 2 reports the optimal value found by the algorithms Gur and BFAS regarding
the problem of finding the largest angle between the Schur cone and itself in dimension
n € {5, 10, 20, 50, 100, 200, 500}. We use exactly the same setting as in the previous
section (Table 1).

We observe that Gur outperforms again BFAS both in speed and accuracy. In fact,
even when its computational time exceeds a minute, it finds the exact solution up to
dimension 50, and also for dimensions 200, 500. The error in dimension 100, though,
tells us that it cannot always be blindly trusted. BFAS instead can only solve the
problem exactly up to dimension 5, and the approximations at 60 seconds is only
reliable up to dimension 10. Sometimes, the algorithms may find larger angles than
the exact ones, but it has to be attributed to rounding errors.

Notice that in this case, Gurobi results are less accurate than those of the previous
problem. This is possibly due to the fact that the matrix H ' H, where H are the
generators of .77, is less sparse than the matrix H | I, where I represents the generators
of the nonnegative orthant.

In the right image of Figure 1, we report a comparison of the four methods over a
timespan of 10 seconds for the same problem in dimension n = 200. Again, E-AO
and SRPL are usually restarted until we reach the 10 seconds mark, and we perform
100 of these 10 seconds runs for both heuristic algorithms, plotting the average value
over time, and all performed runs in the background. The parameters used by SRPL
in this case are u1 = uy = 1.

This time, Gur is the only method to correctly converge to the optimum value in
the 10 seconds (actually, after only 3 seconds). E-AO almost immediately converges
to 0.9927 but in no run it manages to reach the optimal value. SRPL offers a more
diverse plot, but it always converges to an even larger value. Finally, BFAS is again
not represented in the plot since its best value at 10 seconds is equal to 0.75x.
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5.3 Computing the Biclique Number

Given a biadjacency matrix B € {0, 1}"*", solving the NP-hard maximum edge
biclique problem is equivalent to solving the Pareto singular value problem PSV (—M)
where M = B — (1 — B)d and d > max(m, n); see Theorems 1 and 2. Here we
thus test all four algorithms on four bipartite graphs taken from the dataset in [21].
They correspond to the files https://github.com/giovannibarbarino/coneSV/Biclique_
matrix_n.txt in the repository for n = 1,2, 3, 4. All graphs have been randomly
generated with a fixed edge density, and then a biclique has been added (planted) to
them. In particular,

o the first graph is a 100 x 100 graph with density 0.2 and planted biclique of size
50 x 50 = 2500,

e the second graph is a 300 x 300 graph with density 0.3 and planted biclique of
size 2 x 55 =110,

o the third graphis a 100 x 100 graph with density 0.71 and planted biclique of size
80 x 80 = 6400,

o the fourth graph is a 10000 x 100 graph with density 0.03 and planted biclique of
size 22 x 2 = 44.

All algorithms are stopped after 10 seconds, and the results (rounded to the nearest
integer value) are reported in Table 3. E-AO and SRPL are restarted until we reach
the 10 seconds mark, and we perform 100 of these 10 seconds run for both heuristic
algorithms, reporting the average value after 10 seconds, and the best value reported
among the 100 runs whenever it differs from the average value by more than 1. The
parameters used in SRPL are p; = 0.25, up = 0.01.

In this case, the optimal values are not known, since for the second and fourth
graphs we find larger bicliques than the ones reported in [21], and also larger than
the planted ones. From the results, we can see that SRPL outperforms all the other
algorithms. In fact, it always manages to find the best value for all graphs, and it is the
only algorithm to consistently beat or equate the size of the planted biclique graph.
Notice that even in the case of low density, the matrix A has so many nonzero entries
that Gurobi cannot even move from an initial guess of O for the second graph, and
overloads the RAM for the fourth graph.

5.4 Computing the Maximal Angle Between PSD and Symmetric Nonnegative
Cones via Pareto Singular Values

Let 8" denote the space of symmetric matrices of order n. Let P,, C S”" denote the
cone of positive semidefinite matrices (PSD cone), and let AV, C 8" denote the cone
of matrices with nonnegative entries. For any matrix M denote M~ := — min{M, 0}.
From [6], we know that givenanonzero N € N, the matrix P € P, that maximizes the
angle between N and P, is the negative semidefinite part of N, thatis,if N = QAQT
is the eigendecomposition of N, then P = QA~ 0" =0(Q"NQ)~QT. Vice versa,
given a non zero P € P, , the matrix N € N, that maximizes the angle between N/,
and P is the negative part of P, thatis, N = P~.
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Table 3 Numerical comparison for Gur, BFAS, E-AO and SRPL for the problem of finding the maximum
edge biclique in four different bipartite graphs.

mxn 100 x 100 300 x 300 100 x 100 10000 x 100
Gur 2500 0 310 NA

BFAS 3 2 2 2

E-AO 66 114 87 12

SRPL 2500 114 6400 46(358)

The table reports the maximum edge biclique found in the time limit (10 seconds) for Gurobi and BFAS.
The reported numbers for E-AO and SRPL are the average value found within 10 seconds for 100 runs, and
in parentheses the best value found throughout all 100 runs when it differs from the average one. Gurobi
cannot be executed on the last graph due to its excessive size, The bold numbers indicate the largest value
found among the four algorithms

Table 4 First column: Largest B block circulant MA(Py. )

angle between block-circulant

matrices in P, and in ;. 5 075757 075757

Second column: Largest known

angle between P, and Ny, 6 0.7575m 0.7575%
7 0.7575n7 0.75757
8 0.76087 0.76087
9 0.76087 0.76087
10 0.76087 0.76097
11 0.7627x 0.7627x
12 0.7649 0.76497
13 0.7649 0.76497
14 0.76497 0.76597
15 0.76497 0.7678x
16 0.7670x 0.76997
17 0.7670x 0.76997
18 0.7670x 0.76997
19 0.7681x 0.77037
20 0.77197 0.7719x
21 0.77197 0.77197
22 0.77197 0.77197
23 0.77197 0.7722n

The problem MA (P,,, \V,,) has been studied by several authors, in particular because
it gives a bound on the problem MA(7,,, 7,,) where 7,, is the cone of copositive matrices
[6, 23, 24]. The cone P, is not polyhedral, so in the next section we further restrict
the problem to the polyhedral cone of circulant matrices inside P, called CP,. We
will prove that solving MA(CP,,, N,,) is equivalent to solve MA(CP,,, CN,,), where
CN,, are the circulant matrices in N, (Lemma 4). As a consequence, all operations
will be done on the algebra of circulant matrices, allowing us to further simplify the
problem.
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The motivation behind this simplification is that, for many dimensions, the best
value for the problem MA(CP,,, CN ;) among all m < n corresponds to the best
known value for the general problem MA(P,, N,), as shown in [13] and reported
in Table 4. In other words, MA(P,, N,,) is often solved by a pair of block-circulant
matrices, that is, matrices with diagonal blocks, where all blocks are circulant.

Table 4 provides the best values for the two problems, where the angles between
block-circulant matrices in P, and those in V,, have been computed exactly by Gur
up to dimension 23 (for higher dimensions, the computational time exceeds 24 hours).
The values in blue correspond to solutions that are not circulant, but just block cir-
culant, and they are always equal to max,;<, MA(CP,,, CN,). In particular, such
optimal block-circular matrices will be some optimal couple of circulant matrices for
MA(CP,,, CN) withm < n, padded with zero rows and columns to reach dimension
n.

The values in red indicate the dimensions where we know a feasible point for
MA(P,, N;;)) with larger angle than the optimal solution of MA(CP,,, CN,,) for
every m < n, with a tolerance of 10~%7 to account for rounding errors. We see that up
to dimension 13, the problem restricted to block-circulant matrices presents the same
optimal angle as the best known one for MA(P,,, NV,,), up to our tolerance level. There
are some higher dimensions where the two problems have the same values, but they
tend to be less and less frequent as the dimension increases. This is a topic for further
research.

5.4.1 Approaching the Maximal Angle by Symmetric Circulant Matrices

Lemma4 The problem MA(CP,,, N,)) has the same solutions as MA(CP,,, CN ). If
n =1+ 2m is odd, then MA(CPp, CN,) has the same solution as PSV (M), where

2 2
M:—[eos (—nij>} e R™M,
NG n i, j=L:m

Proof The basic circulant matrix is

1, j—i=1 (mod n), C— )
0, otherwise, B 01

1

C e Rnxn, Cl',j = {

The algebra of real circulant matrices R[C] is the set of all matrices A such that the
i-th row of A is the right cyclically (i — 1)-shifted of the first row. It is known that A
can be decomposed into two forms: through the entries of its first row, and through its
eigenvalues. In other words, given [ay, a2, . . ., a,] the first row of A, and denoting by
Al, ..., A, the eigenvalues of A, then

n n
A=) @l =) Mfiff
k=1 j=1
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where &; = Y, are 3 U=DE=D ang £ = (1)) [6127”071)(]'71)] | are the

i=lin
columns of the unitary Fourier matrix F),, and where z denotes the conjugate trans-
pose of z.

The symmetric real circulant matrices are such that @y = a,_;4> for any k =
2, ..., n. Moreover necessarily A; € R for any j, and A; = A, ;2. Since they have
the same number of real parameters, the set of symmetric real circulant matrices are
identified either by ay, az, ..., aru—1)/21 0rby A1, A2, ..., Aru=1),2-

Call now CP,, C P, the (convex) cone of positive semidefinite circulant matrices,
and CN,, C N, the (convex) cone of nonnegative symmetric circulant matrices.

Notice now that given N € CN,, the matrix P = F,,(FnHNF,,)_FnH € P, max-
imizes the angle between N and P,, and it is still circulant, so P € CP,,. Since the
largest eigenvalue of N is the one associated to fi, we find that A; (P) = 0. Moreover,
given P € PN, the matrix N = P~ € N, maximizes the angle between P and N,
and it is still circulant, so N € CN,. Since the diagonal of P is nonnegative, we find
that the diagonal of N is zero, that is, a; (N) = 0.

Therefore, the problem MA(CP,,, CN,,) has the same solution as MA(P,, CA;,)
and MA(CP,,, Ny,). Itis in particular solved by a couple (P, N) € CP, x CN, such
that A;(P) = 0and a;(N) = 0.

If nis odd and n = 1 + 2m, then we can write any real symmetric circulant A as

m m+1
1
_ § k —ky _ T § . . fH
A—a11+k=1ak+1(C +Cn )—)\.1;11 +2J=2)\./%(fjfj ),

where Z(z) denotes the real part of the complex matrix z. Any matrix P € CP,, is
uniquely identified by m+1 of'its real and nonnegative eigenvalues [A1, A2, ..., Apm1]-
Analogously, any N € CN,, is uniquely identified by m + 1 of the nonnegative
elements on its first row [aj, az, ..., ayu+1]. Calling a := [az, ..., am+1]T, A=
A2, Ami] T x = [xn, o xn] T = a/20,y = [y1, - ym] T = 1/V/2, then

m m+1
. — : k n—k N L rH
ey, TEN) o, 2tr[<2ak+l<c +C >> (D.fﬂf.ff., >ﬂ

n .
1PlF=IN]F=1 lal?=1/2n, |A|2=1/2 k=1 j=2

m m
= omin 22 Y acarim 2 [ S+ O f]

a, >0, "
lalP=1/2n 2 12=1/2 Kk=1J=1

m m

2 2T
= i [ icos | = jk|,
min 30 cos | 2 k]

IxiP=1ayi2=1 k==t

thus, MA(CP,,, CN,) has the same solutions as PSV(M).
O

Table 5 reports the optimal values found by Gur and BFAS regarding the problem of
finding the largest angle between the circulant PSD cone and the cone of nonnegative
symmetric circulant matrices in dimension n forn = 13, 15, 17, 19, 21, 23. When the
algorithms terminate in less than 60 seconds, we report the elapsed times, otherwise
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Table5 Numerical comparison of Gurobi and BFAS for different dimensions for the problem of finding the
maximal angle between the PSD cone and the nonnegative symmetric cone, both restricted to the subalgebra
of circulant matrices.

n 13 15 17 19 21 23

exact 0.762950m 0.757765% 0.764971m 0.768062 0.768769 0.766370m

Gur 0.762950 0.7577657 0.764971x 0.767876m 0.765409 0.766370r
0.854 s 25.061 s 60* s 60* s 60* s 60* s

BFAS 0.762950 0.757765x 0.7649717 0.7680627 0.7687687 0.766370
0.333s 0.356 s 1.1145s 4418 s 19.953 s 60* s

The table reports the optimal objective function values found in the time limit (60 seconds) and the actual
elapsed time. We also report the exact value for each problem, Bold angles indicate the exact (or best known)
solution within the prescribed tolerance, while bold times indicate the smallest elapsed time

we report the best values found in 60 seconds. The results are then compared with the
exact maximal angle between circulant matrices in P, and those in ,,, computed by
Gur without imposing a time limit up to dimension n = 23 (for higher dimensions,
the computational time exceeds 24 hours). The numbers in bold are the optimal angle
found, whenever they coincide with the exact angles up to a tolerance of 107 .

We observe that BFAS outperforms Gur both in speed and accuracy. In fact, even
when its computational time exceeds a minute, it finds the exact solution in all dimen-
sions. Moreover, it can solve all problems in less than 20 seconds up to dimension 21.
Gur instead can only solve the problem exactly up to dimension 15, and the approxi-
mations at 60 seconds is only reliable up to dimension 17. Here Gurobi is way slower
than in the previous problem probably because the matrix M is dense.

Table 6 reports a comparison of the four algorithms with a time limit of 10 seconds
for the same problem in dimensions n = 17, 19, 21, 23, 25, 27. Again, E-AO and
SRPL? usually are restarted until we reach the 10 seconds mark, and we perform
100 of these 10 seconds run for both heuristic algorithms, reporting the average value.
Notice that we know the ground truth only up to dimension 23 . For higher dimensions,
we report the best known values, obtained by letting Gurobi run for at least 24 hours on
each problem. The parameters used by SRPL in this case are 1 = 0.25, uo = 0.01.

E-AO and SRPL are the only methods to converge to the optimum value within
the 10 seconds for all dimensions. Gur is not reliable already from dimension 19,
and BFAS starts to give incorrect results from dimension 25. All algorithms reach the
optimal value 0.766370x in the case n = 23 in less than 0.02s except for BFAS that
takes more than 10 seconds.

Computing MA(P,, NV,,) with E-AO and SRPL If we consider the harder problem
MA(P,, N,,), forgetting about the restriction to circulant matrices, we cannot use
either Gur or BFAS. However, E-AO and SRPL can easily be adapted into solving this
problem, since it is always possible to compute exactly the projection of a matrix A
on the cones P, and NV, [9].

3 The algorithm that we are using for this case is the SRPL method for cone of matrices developed in [13,
Section 6.3].
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Table 6 Numerical comparison of Gur, BFAS, E-AO and SRPL for different dimensions for the problem
of finding the maximal angle between the PSD cone and the nonnegative symmetric cone, both restricted
to the subalgebra of circulant matrices.

n 17 19 21 23 25 27

exact 0.764971 0.768062 0.768769 0.766370 0.7673857* 0.7682587*
Gur 0.764971rx 0.7593097 0.765409 0.766370 0.7673857 0.760879
BFAS 0.764971r 0.7680627 0.768768 0.766370 0.762620 0.756841m
E-AO 0.764971r 0.768062 0.768768 0.766370r 0.767385m 0.768258
SRPL 0.7649707 0.7680627 0.768768 0.766369 0.767384x 0.768257

The table reports the optimal objective function values found in the time limit (10 seconds). The reported
numbers for E-AO and SRPL are the best values found after 10 seconds for 100 runs. We also report, when
available, the exact value for each problem, and the best known lower bound when the exact value is not
available, indicated with an asterisk, Bold values indicate the exact (or best known) solution within the
prescribed tolerance

Table 7 Numerical comparison for E-AO and SRPL for different dimensions for the problem of finding
the maximal angle between the PSD cone and the nonnegative symmetric cone.

n 20 30 40 50 60
best known 0.77197 0.7757n 0.77897 0.7812m 0.7837n
E-AOp 0.77197 0.7757 0.7789x 0.78137 0.7837x
E-AO, 0.7697x 0.7741x 0.77687 0.77907 0.78057

0.022 +£0.013s  0.111 £0.054s  0.701 £0.235s  1.263 +0.273s  2.852 £0.312s
SRPL, 0.7719x 0.7757x 0.7789x 0.78127 0.7837x
SRPL, 0.76957 0.7739x 0.77667 0.7787x 0.78027

0.026 £0.012s  0.062 £0.025s  0.1554+0.060s 0.319 +0.130s  0.565 £ 0.229s

The table reports the best and average value found over 10000 random initializations, together with the
average elapsed time. We also report the best known value for each dimension, Bold angles indicate the
best known solution within the prescribed tolerance, while bold times indicate the smallest elapsed time

Table 7 reports the optimal values found by the modified E-AO and SRPL regard-
ing the problem of finding the largest angle between the PSD cone and the cone of
nonnegative symmetric matrices in dimension n for n = 20, 30, 40, 50, 60. We test
the algorithms on 1000 random starting points and we report the best values found
(E-AQOy, SRPL,) and the average ones (E-AO,, SRPL,). We also report the average
elapsed time over the 1000 runs, its standard deviation, and the best known values
for each problem, taken from [13]. The parameters used by SRPL in this case are
u1 =0.1, up = 5.

We observe that both algorithms manage to correctly find the best known bound in
all cases. E-AO average result is always slightly larger than the SRPL average result,
but with a consistently larger computational time per run, and the difference between
the average runtimes gets larger with larger dimensions. Already for dimension 60,
SRPL is 5 times faster than E-AO, and manages to find the same best objective.
Sometimes, the algorithms may find larger angles than the best known angles, but it
has to be attributed to rounding errors.
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6 Conclusion

In this paper, we studied the concept of singular values of a rectangular matrix, A,
relative to a pair of closed convex cones, P and Q. We also considered two restricted
variants: (1) A is the identity which corresponds to the problem of computing the
maximal angle between the cones P and Q, and (2) P and Q are the nonnegative
orthant which corresponds to the so-called Pareto singular values of A. We first show
that all these problems are NP-hard, while also identifying cases when such prob-
lems can be solved in polynomial time. Then we proposed 4 algorithms to compute
the minimum singular values: two are exact, namely BFAS relying on enumera-
tion and Gur using Gurobi, and two are heuristics, namely E-AO using alternating
optimization and SRPL using fractional programming. We then applied these algo-
rithms for various applications. Interestingly, there is no clear winner between the
four proposed algorithms: each algorithm outperforms the others in at least one of the
applications.
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